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$WWHQWLRQLVSDLGWRWKHIDFW WKDW WKHVWUHVVWHQVRUGLDJRQDOFRPSRQHQWVRIWKHSRLQWFKDUJHGSDUWLFOHILHOGLQ
WKUHHGLPHQVLRQDO HOHFWURG\QDPLFV DUH HTXDO WR ]HUR ,W DOORZVWR VXSSRVH WKH SDUWLFOHPDVV RULJLQ LV ILHOG LQ WKH
PRGHO LIRQH ORRSFRUUHFWLRQ WR WKHFODVVLFDOSRWHQWLDORI WKLV ILHOG LV WDNHQ LQWRDFFRXQW ,Q WKHQRWLFHGDSSURDFK
VWDWLFSRWHQWLDODQGILHOGVWUHQJWKDUHHYDOXDWHGDQGWKHHOHFWULFDOUDGLXVRIWKHSDUWLFOHLVIRXQG,WWXUQVRXWWKDWWKLV
UDGLXV LV FRQQHFWHG ZLWK WKH YDFXXP SRODUL]DWLRQ DQG ZLWK WKH SDUWLFOH HOHFWULFDO ILHOG VFUHHQLQJ DW WKH ODUJH
GLVWDQFHV
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7KH G\QDPLFDO V\PPHWU\ EUHDNLQJ SUREOHP LV RI JUHDW LPSRUWDQFH LQ
PRGHUQSK\VLFV,WDOORZVWRFRQVLGHUDWHIURPRQHSRLQWRIYLHZWKHDJJUHJDWLRQRI
WKHSKHQRPDZKLFKDWWKHILUVWVLJKWDUHQRWFRQQHFWHGZLWKHDFKRWKHU,QTXDQWXP
ILHOGWKHRU\WKHG\QDPLFDOV\PPHWU\EUHDNLQJOHDGVWRWKHDSSHDUDQFHRISDUWLFOHV
PDVVHV LI WKHLU EDUHPDVVHV DUH HTXDO WR ]HUR > @ 7KLVPHFKDQLVP RIPDVV
DSSHDUDQFHKDVDQDGYDQWDGJHRYHUWKH+LJJVPHFKDQLVPVLQFHLWLVQRWEDVHGRQ
DVVXPSWLRQRIWKHH[LVWHQFHRISDUWLFOHVLQQDWXUHZKLFKDUHQRWIRXQGWLOOQRZ,W
VWLPXODWHV WKH IXUWKHU LQYHVWLJDWLRQ RI WK LV PHFKDQLVP DQG RI WKH ILHOG WKHRU\
PRGHOVZKHUHWKHSDUWLFOHPDVVDULVHVDVDUHVXOWRIG\QDPLFDOV\PPHWU\EUHDNLQJ
7KUHHGLPHQVLRQDOTXDQWXPHOHFWURG\QDPLFV4(' LVRQHRIWKHPRGHOV
LQZKLFKWKHG\QDPLFDOFKLUDOV\PPHWU\EUHDNLQJWDNHVSODFH> @,QWHUHVWWRLW
PD\EHH[SODLQHGE\VXFKFLUFXPVWDQFHV)LUVWO\LWLVDQRWKHUILHOGWKHRU\PRGHOLQ
ZKLFK DW VRPH DSSUR[LPDWLRQ  WKH G\QDPLFDO FKLUDO V\PPHWU\ EUHDNLQJ WDNHV
SODFH6HFRQGO\WKHUHDUHVRPHKRSHVWKDWE\WKURXJKWKHXVHRIWKLVWKHRU\L WZLOO
EHSRVVLEOHWRDGYDQFHIXUWKHULQWKHXQGHUVWDQGLQJRIVRPHPDFURVFRSLFDOHIIHFWV
LQSDUWLFXODU RI WKHKLJK WHPSHUDWXUH VXSHUFRQGXFWLYLW\ > @7KLUGO\DWVRPH
DSSUR[LPDWLRQLQ4(' FRQILQHPHQWWDNHVSODFH
7KH SUREOHP FRQVLGHUHG KHUH KDV WKH FODVVLFDO DVSHFW WRR >@ EXW DOO
DWWHPSWV DQGHUWDNHQ LQ WKLV GLUHFWLRQ ZHUH XQVXFFHVVIXO ,W VHHPV WKH FODVVLFDO
DSSURDFK WR WKH SUREOHP LVPHDQLQJOHVV VLQFH KHUH WKH FODVVLFDO UHVXOW LV QRW WKH
OLPLWLQJFDVHRIWKHTXDQWXPRQH+RZHYHUWKHUHVXOWVRIW KHZRUNV>@QRWWR
PDNH WKLV DVVHUWLRQ VR FDWHJRULFDO ,QRWKHUZRUGV LW LV DGYLVDEOH WR UHWXUQ WR WKH
FODVVLFDO FRQVLGHUDWLRQ RI WKH VHOI HQHUJ\ SDUWLFOH SUREOHP XVLQJ WR WKH TXDQWXP
LGHDV RQO\ LI WKH SXUHO\ FODVVLFDO DSSURDFK FRPHV DFURVV VRPH LQVXS HUDEOH
GLIILFXOWLHV

7KHPDLQ UHDVRQRI WKHDWWHPSWHG IDLOXUHVRI FODVVLFDODSSURDFK WR WKH
ILHOG PDVV SDUWLFOH SUREOHP FRQVLVWV LQ WKH IDFW WKDW WKH VWUHVV WHQVRU GLDJRQDO
FRPSRQHQWV RI WKH SDUWLFOH ILHOG DUH QRW HTXDO WR ]HUR 6R WKH PRPHQWXP
FRPSRQHQWV DQG WKH HQHUJ\ RI WKLV ILHOG GR QRW  IRUP WKH/RUHQW]
V YHFWRUZKDW
GRHVQRWDOORZWRFRQVLGHUWKLVPDVVDVKDYLQJDILHOGRULJLQ
/HWXVQRWLFHWKDWLQWKHFDVHRIWZRVSDWLDOGLPHQVLRQVLWLVSRVVLEOHWRDYRLG
WKLV SUREOHP  DW WKH FODVVLFDO OHYHO W DNLQJ LQWR DFFRXQW WKH YDFXXP SRODUL]DWLRQ
LQFOXVLRQWRWKHILHOGSRWHQWLDOIRUPHGE\DSDUWLFOH7KHQWKHDGPLVVLRQDERXWWKH
ILHOGRULJLQRIWKHSDUWLFOHPDVVLQJLYHQPRGHOZLOOQRWFDOOWKHREMHFWLRQ
/HWXVWKHIUDPHV\VWHPPRYHVZLWKWKHVSHHG Y UHODWLYHWRWKHSDUWLFOH7KHQ
IRUWKHWLPHDQGVSDWLDOFRPSRQHQWVRIWKHILHOGPRPHQWXPZHKDYH>@
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+HUH WKH LQGH[  VLJQLILHV WKDW WKH WHQVRU GHQVLW\ DQG HOHPHQWDU\ WZR 
GLPHQVLRQDOYROXPHDUHWDNHQLQWKHSDUWLFOHUHVWV\VWHPDQGEHVLGHVWKHV\VWHPRI
XQLWVZLWK  F   YN  LVXVHGIXUWKHU
3DVVLQJIURPWKHUHVWV\VWHPWRWKHPRYLQJRQHWKHSDUWLFOHPRPHQWXPDQG
HQHUJ\KDYHWRWUDQVIRUPDFFRUGLQJWRORZ
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7KXVDVLWIROORZVIURP  DLQ RUGHUWKDWPRPHQWXPFRPSRQHQWVDQG
HQHUJ\WRIRUPWKH/RUHQW]
VYHFWRUWKHFRQGLWLRQ
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KDVWREHVDWLVILHG
7KHVWUHVVWHQVRUGHQVLW\LVGHILQHGE\WKHHTXDOLW\
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KHUH  U LV WKH FXWRII SDUDPHWHUZKLFKKDV WKHPHDQLQJRI HOHFWULFDO UDGLXV RI D
SDUWLFOH
:HVKDOOQRWLFHWKDWWKHSUHVHQWDWLRQRIWKHGRXEOHLQWHJUDODVDUHSHDWHGRQH
DLQ  WDNHV SODFH RQO\ LI WKH LQWHJUDO ZLWK UHVSHF W WR U LV FRQYHUJHQW ,Q WKH
FODVVLFDOFDVHLWGRHVQRWWDNHSODFHLQJHQHUDOEXWWDNLQJLQWRDFFRXQWWKHYDFXXP
SRODUL]DWLRQ WKH VLWXDWLRQPD\ EH FKDQJHG 7KHQ WKH LQWHJUDOZLWK UHVSHFW WR WKH
DQJOH LV HTXDO WR ]HUR WKDW OHDGV WR WXUQLQJ LQWR ]HUR RI WKH OHIW SDUW RI WKH
HTXDOLW\ 
:HVKDOOGHPRQVWUDWHWKHLQWHJUDOFRQYHUJHQFHZLWKUHVSHFWWRWKHYDULDEOH
U E\ GLUHFW FDOFXODWLRQV:LWK WKLV SXUSRVH ZH VKDOO HYDOXDWH ILHOG SRWHQWLDO RI D
SRLQWFKDUJHDQGIRUWKDWZHVKDOOSURFHHGIURPWKHIRUPXOD>@
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ZKHUH4 LV DSDUWLFOH FKDUJHRQ WKHSODQH   N' W5 & LV WKH UHJXODUL]HG WUDQVYHUVH
SDUWRIWKHIXOOSKRWRQSURSDJDWRUDW]HURIUHTXHQF\)RUWKLVIXQFWLRQZHKDYH
       NILNN' 5W5   
KHUH           PPPP INIGNI5    NIPQ LVWKHSRODUL]DWLRQRSHUDWRUG LV WKH
VSDFHWLPHGLPHQVLRQ,QRXUFDVH  G 
,Q RUGHU WR ILQG  NI5 LW LV QHFHVVDU\ WR VROYH WKH 6KZLQJHU '\VRQ
HTXDWLRQVV\VWHPIRUWKHSURSDJDWRUVDQGYHUWH[HVLQ4(' EXWLQFRPPRQFDVH
LWLVDYHU\FRPSOLFDWHGSUREOHP6RIRULWVVROYLQJZHVKDOOUHVWULFWRXUVHOYHVWRWKH
DSSUR[LPDWLRQZKLFKZDVXVHGE\VWXG\LQJWKHG\QDPLFDOFKLUDOEUHDNLQJSUREOHP
4(' >@,WFRQVLVWVLQXVLQJWKH1  DSSUR[LPDWLRQDQGLQQHJOHFWLQJE\WKH
PDVVIXQFWLRQE\HYDOXDWLQJWKHSRODUL]DWLRQRSHUDWRULV,WJLYHV>@
       NLNI5 D  
ZKHUH 1H D  H LV  WKH GLPHQVLRQDO FRXSOLQJ  FRQVWDQW DW 4(' 1 LV WKH
IHUPLRQV QXPEHU )XUWKHU VXSSRVLQJ WKDW WKH FKLUDO V\PPHWU\ LV EURNHQ
G\QDPLFDOO\DWWKH1  1FZHFRQVLGHUWKHPDVVIXQFWLRQWREHVPDOOHQRXJKQHDU
WKH FULWLFDO PHDQLQJ RI WKH IHUPLRQV QXPEHU 1F ,W DOORZV XV WR DFW LQ WKH
ELIXUFDWLRQ WKHRU\ VSLULW >@ DQG WR FRQVLGHU UHODWLRQVKLS  DV WKH ILUVW
QRQYDQLVKLQJWHUPRIWKHSRODUL]DWLRQRSHUDWRUH[SDQVLRQLQWRWKHIXQFWLRQDOVHULHV
XSRQWKHPDVVIXQFWLRQWDNLQJ1  1F KHUHLQ6RLWLVXVHGWKHDSSUR[LPDWLRQZKLFK
FRPHVWRWKHWDNLQJLQWRDFFRXQWRIRQO\WKHIHUPLRQORRS DWWKHSKRWRQSURSDJDWRU
LQ ZKLFK IHUPLRQ PDVV LV HTXDO WR ]HUR DQG YHUWH[HV DQG WKH ZDYHIXQFWLRQ
UHQRUPDOL]DWLRQDUHFRQVLGHUHGWREHIUHH)RUWKHFULWLFDOPHDQLQJRIWKHIHUPLRQV
QXPEHU LQ /DQGDX JDXJH KDV EHHQ REWDLQHG WKH YDOXH 1F § >@ 7KHUH DUH
UHDVRQVWRFRQVLGHUWKDWWKHLPSURYHPHQWRIWKHDSSUR[LPDWLRQOHDGVWRWKHVDPH
UHVXOWIRUWKHIHUPLRQVQXPEHUZKLFKGRHVQRWGHSHQGRQWKHJDXJH>@
8VLQJWKHIRUPXODH  DQGZLOOIXOILOOLQJWKHLQWHJUDWLRQZLWKUHVSHFW
WRWKHDQJOHZHZLOOREWDLQ
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ZKHUH  NU-  LVWKH %HVVHO
VIXQFWLRQRI]HURRUGHU ,QWHJUDWLRQZLWKUHVSHFW WR N
JLYHV >@
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ZKHUH + DQG 1 DUH UHVSHFWHYHO\6WUXYH
VDQG1H\PDQ
V IXQFWLRQVRI]HURRUGHU
6WDWLFSRWHQWLDO$UKDVWKHLQWHJUDOUHSUHVHQWDWLRQ>@
      ³f  


  [G[
[U4U$ H DS  
ZKLFK DOORZV WR LQYHVWLJDWH LWV EHKDYLRXU ERWK DW VPDOO D U    DQG DW ODUJH
D U  !!  GLVWDQFHV%HVLGHV LW IROORZV  IURP  WKDW SRWHQWLDO WKH  U$ LV D
PRQRWRQLFGHDFUHDVLQJIXQFWLRQRIWKHYDULDEOH U $WODUJHDQGVPDOOGLVWDQFHVZH
KDYH
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:H VKDOO QRWLFH WKH H[LVWHQFH RI WKH VSDFH GRPDLQ LQ ZKLFK : a U LV RI
FUXVLDOLPSRUWDQFH IRUSUHVHQFHRIWKHG\QDPLFDOFKLUDOV\PPHWU\EUHDNLQJLQWKH
FDVHXQGHUFRQVLGHUDWLRQ>@)RUWKHILHOGVWUHQJKZHKDYH
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ZKHUH U( LV WKHQRQ]HURSURMHFWLRQRI (
&  + DQG 1 DUH6WUXYH
V DQG1H\PDQ
V
IXQFWLRQV RI WKH ILUVW RUGHU UHVSHFWLYHO\,W LV FRQYHQLHQW WR XVH DOVR WKH LQWHJUDO
UHSUHVHQWDWLRQIRU U(
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7KXVZHVHHWKDWWKHYDFXXPSRODUL]DWLRQFKDQJHVWKHVWUHQJKEHKDYLRXUVR
WKDWZLWKWKHGLVWDQFHDULVLQJLWGHFUHDVHVPRUHUDSLGO\WKDQLQ WKHFDVHZKHQWKH
YDFXXPSRODUL]DWLRQLVQRWWDNHQLQWRDFFRXQW,WPD\EHFRVLGHUHGDVDUHVXOWRIWKH
SHFXOLDUVFUHHQLQJRIWKHSDUWLFOHILHOGLQYLUWXHRIWKHYDFXXPSRODUL]DWLRQ
/HWXVHYDOXDWHDSDUWLFOH
VVHOIHQHUJ\LQRXUFDVH:HVKDOOSURFHHGRXW
RIWKHH[SUHVVLRQIRUWKHVHOIHQHUJ\IRUPHGE\WKHSDUWLFOHZKLFKLVLQWKHUHVW
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,IRQH SURFHHGV  IURPWKDW WKHPDLQFRQWULEXWLRQ WR WKHILHOGHQHUJ\JLYHV
WKHILUVWWHUPLQZHREWDLQ     OQ U4: DS  
:HVKDOOHPSKDVL]HRQFHDJDLQWKDWWKHJLYHQH[SUHVVLRQFDQQRWEHREWDLQHG
RQO\UHPDLQLQJLQWKHIUDPHZRUNRIWKHFODVVLFDOWKHRU\,WRXJKWWREHFRQVLGHUHG
DV D UHVXOW RI WZR FXWRII WKH SDUWLFOH HOHFWULFDO UDGLX V U FDUULHV RXW WKH LQIUDUHG
FXWRII DQG . FDUULHV RXW WKH XOWUDYLROHW RQH ,W LV DQ DGGLWLRQDO JURXQG RI WKH
LQWHJUDOVFXWRIILQWKHPRPHQWXPVSDFHZKLFKZDVFDUULHGRXWLQWKHZRUNV> @
([SUHVVLRQIRUWKHSDUWLFOHILHOGPDVVKDVWKHIRUP
   P : 4 U     S DOQ  Z
IURPZKHUHLWLVSRVVLEOHWRILQGLWVHOHFWULFDOUDGLXV
 H 4PU   SD   
,QRUGHUWRDYRLGPLVXQGHUVWDQGLQJZHQRWHWKDWWKHTXDQWLWLHV : DQG P
DUH UHODWHG WR WKH SODQH DQG WKHUHIRUH WKH\ KDYHGLPHQVLRQV RI WKH OLQHDU HQHUJ\
GHQVLW\DQGOLQHDUPDVVGHQVLW\UHVSHFWLYHO\

,Q FRQFOXVLRQ ZH QRWH WKDW UDGLDWLRQ FRUUHFWLRQV DUH DEOH WR FKDQJH  WKH
H[SOLFLWIRUPRIWKHVWUHVVWHQVRUGHQVLW\7KXVLQRUGHUWRH[DPLQHWKHSUREOHP
PRUHFDUHIXOO\LWLVQHFHVVDU\WRSURFHHGIURPWKHQRQOLQHDU/DJUDQJLDQIRUWKUHH 
GLPHQVLRQDOHOHFWURG\QDPLFV,QSDUWLFXODULWLVNQRZQLQ4('  WKHFRUUHFWLRQV
WRWKHSRLQWFKDUJHSRWHQWLDOEHKDYLRXUDWWKHODUJHGLVWDQFHVHYDOXDWHGE\XVLQJRI
WKHQRQOLQHDU/DJUDQJLDQGLIIHUIURPWKRVH HYDOXDWHGE\XVLQJWKHUHODWLRQV 
IRUWKHFRUUHVSRQGLQJFDVH>@2QHPD\WKLQNWKDWVXFKDVLWXDWLRQWDNHVSODFH
LQ4('7KHUHIRUHIURPRXUSRLQWRIYLHZLWZRXOGEHLQWHUHVWLQJWRFRQVLGHUWKH
SRLQW FKDUJH SRWHQWLDO EHKDYLRXU DW WKH ODUJH GLVWDQFHV SURFHHGLQJ IURP WKH
QRQOLQHDU/DJUDQJLDQLQ4('
7KHDXWKRULVJUHDWO\LQGHEWHGWR93*XV\QLQIRUKLVDWWHQWLRQWRWKHZRUN
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